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Multidisciplinary Nanotechnology Centre, School of Engineering, Swansea University, Swansea, United KingdomABSTRACT Filopodia, or the growth of bundles of biological ﬁbers outwards from a biological cell surface while enclosed in
a membrane tube, are implicated in many processes vital to life. This study models the effect of capping protein on such ﬁlopodia,
paying close attention to the polymerization dynamics of biological ﬁber bundles within long membrane tubes. Due to the effects
of capping protein, the number of ﬁbers in the ﬁlopodium bundle decreases down the length of the enclosing membrane tube.
This decrease in the number of ﬁbers down the length of a growing ﬁlopodium is found to have profound implications for the
dynamics and stability of ﬁlopodia in general. This study theoretically ﬁnds that the presence of even a relatively modest amount
of capping protein can have a large effect on the growth of typical ﬁlopodia, such as can be found in ﬁbroblasts, keratocytes, and
neuronal growth cones. As an illustration of this modeling work, this study investigates the striking example of the acrosomal
reaction in the sea cucumber Thyone, whose ﬁlopodia can grow remarkably quickly to ~90 mm in ~10 s, and where the number
of ﬁbers is known to decrease down the length of the ﬁlopodium, presumably due to progressive ﬁber end-capping occurring as
the ﬁlopodium grows. Realistic future dynamical theories for ﬁlopodium growth are likely to rely on an accurate treatment of the
kinds of capping protein effects analyzed in this work.INTRODUCTIONOne of the main important characteristics of life is locomo-
tion, with cell migration being vital to many life processes,
and diseases including cancer metastasis for example
(1–3). Accordingly, there has been much recent interest in
the formation and growth of long, thin cellular protrusions
due to the polymerization of bundles of fibers including actin
(4–7). Such structures appear on cell membranes as typical
filopodia (1,4), but can also appear on neural growth cones
(8), as well as in the acrosomal reaction of the sea cucumber
Thyone (9–14).
Although the dynamical theory of actin polymerization in
filopodia is now fairly well understood (15–17), the role of
capping protein in such processes is much less so (18–27).
Capping protein typically binds to the barbed ends of actin
filaments and prevents both depolymerization and the addi-
tion of new monomers. Examples of actin capping protein
include b-actinin, CapZ in skeletal muscle, and Cap32/34
in Dictyostelium (18,19).
Filopodia occur in a wide variety of biological contexts,
with different capping strategies present in different organ-
isms (4,5,8,9). In the filopodia of motile cells such as fibro-
blasts or keratocytes, for example (4,5), end-capping of
filaments is typically suppressed due to the presence of addi-
tional proteins such as VASP (28,29). In this case, the
number of fibers at the growing end of the filopodium is typi-
cally equal to the number of initial fibers at its base.
However, for filopodia involved in the striking example of
the acrosomal reaction in the sea cucumber Thyone (9)
(whose filopodia can grow to ~90 mm in ~10 s), it is known
that the number of fibers decreases down the length of theSubmitted May 22, 2009, and accepted for publication November 20, 2009.
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This decrease in the actin fiber bundle radius down the filo-
podium in Thyone is thought to be due to progressive fiber
end-capping as the filopodium grows (9,10,12), and presum-
ably (12) contributes to the extraordinarily fast rate of filopo-
dial growth that is typically observed.
The purpose of this work, as presented here, is to theoret-
ically investigate the role of capping protein on the polymer-
ization kinetics of biological fibers such as actin, within long
membrane tubes such as microspikes, filopodia, or spicules
(see Fig. 1). This study finds that due to the effects of
capping protein dynamics, the number of fibers in the filopo-
dium bundle (and hence the fiber bundle diameter) is able to
decrease as the filopodium grows, within an enclosing
membrane tube. This decrease in the number of fibers
down the length of a growing bundle, as is known to occur
in Thyone (9), can have profound implications for filopo-
dium dynamics and stability. It is also found that the pres-
ence of even relatively modest amounts of capping protein
can have a large effect on the growth of more-typical filopo-
dia, such as that which can be found in fibroblasts, kerato-
cytes, and neuronal growth cones.
This article does not consider the formation or origin of
filopodia (or that of lamellipodia, as for example in (6,7)).
Instead, in this approach, the filopodium is assumed to
already have been initiated, and to have already begun the
growing and maturation stage of its development.THEORY
To successfully model the growing filopodia, actin polymer-
ization, capping protein dynamics, and the elasticity of the
enclosing membrane tube will need to be taken into account.
Similar theoretical methods to those considered here, withoutdoi: 10.1016/j.bpj.2009.11.053
FIGURE 1 Diagram showing a growing filopodium which becomes
progressively capped. A flux (dashed arrows) of actin monomers (solid
circles) and capping protein (open circles) from a reservoir concentration
of ra(0) and rc(0), respectively, at the base of a fiber bundle (z ¼ 0) feeds
the growing bundle of nuc uncapped fiber ends (at z ¼ L), within an enclos-
ing membrane tube of radius r0. The diameter of the fiber bundle can be seen
to decrease down the length of the growing filopodium as a direct conse-
quence of fiber end-capping due to the presence of capping protein.
1140 Danielsthe presence of fiber end-capping, have been successfully
deployed in previous work (15,17) on modeling long, thin,
cellular protrusions. Throughout this study, it will be
assumed that any growth of the fiber and tube is quasistati-
cally low. This quasiequilibrium regime is applicable under
most physiological and in vivo conditions (1,3). This study
therefore ignores any dynamical instabilities (pearling, for
instance) that can occur on membrane tubes (30,31). A cell
membrane reservoir is assumed to be present that can
provide membrane material at a rate sufficient for the
growing filopod until its membrane supply becomes ex-
hausted. Note that this fiber bundle can only elongate via
addition of monomers to the end furthest from its base, as
is typically the case for biological filopodia (1,4). This article
will now go on to give a more detailed account of the model
used.
Actin polymerization dynamics
Actin monomer transport
This study assumes axial symmetry for the cylindrical
membranes, allowing the treatment of the local concentration
of actin monomers ra as being dependent on displacement
down the tube alone. Given that this study works in the
slow, quasiequilibrium regime throughout, with steady
growth of the polymerizing fiber, it can be approximated
that the actin monomer flux Ja is constant, and given by
Ja ¼ Davra
vz
þ vra: (1)Biophysical Journal 98(7) 1139–1148The first term on the left-hand side of Eq. 1 describes the
contribution to the flux due to actin monomer diffusion,
with an associated diffusion constant Da. The second contri-
bution to Ja in Eq. 1 arises due to the advection of actin
monomers down the growing membrane tube by the flow
of the cytoplasmic fluid (or water) present. Note that in
this case, the velocity v is driven entirely by fiber polymeri-
zation (i.e., if there is no polymerization, then there is no net
flow of cytoplasmic fluid within the membrane tube).
In addition, the boundary condition at the growing fiber tip
is needed (15),
pr20  b2Dadavravz

z¼L
¼ nucv; (2)
where v is the speed of polymerization, da is the size of
a single actin monomer, and nuc is the number of uncapped
fibers in the growing bundle. The drift part of the flux is
not included in Eq. 2, because the fiber tip and the cyto-
plasmic fluid are co-moving (15). Included in Eq. 2,
however, is the increase of the effective cylindrical area for
actin delivery as the bundle of fibers (designated as b)
decreases below the membrane tube radius (r0). This effect
will typically act to speed up the fiber polymerization
dynamics given by v, as b becomes r0, as seen below. It
is additionally required that at the other end of the
membrane, a reservoir of actin monomers be available that
acts to buffer the actin concentration at z ¼ 0, such that
ra(z)jz¼0 ¼ ra(0) ¼ constant.
Given Eqs. 1 and 2, one can then solve for ra, and find in
the quasistatic approximation
raðLÞ ¼ rað0Þ 
nucvL
p

r20  b2ðLÞ

Dada
: (3)
Brownian ratchet dynamics for polymerizing actin bundles
The Brownian ratchet mechanism (32–35) has become para-
digmatic for describing the polymerization dynamics of
many different biological polymers. In this approach, the
speed of actin polymerization is given by
n ¼ dkaonraðLÞexpð  f da=nucÞ  kaoff; (4)
where kaon is the rate of actin monomer addition and koff is the
rate of actin monomer subtraction. In the quasistatic regime,
one can calculate the density at the tip ra(L) from Eq. 3, and
find in the quasiequilibrium limit that the speed of polymer-
ization v ¼ vL=vt is consistently given by
vL
vt
¼ da

kaonrað0Þexpð  f da=nucÞ  kaoff



1þ k
a
on nuc L
pDaðr20  b2ðLÞÞ
expðf da=nucÞ
1
: (5)
Equation 5 shows that for large L it follows that vL
vt  1=L,
which leads to the intermediate timescaling behavior for
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static regime, of L ~ t1/2. This type of behavior is consistent
with diffusion-limited growth (2,15), and merely reflects the
underlying physical crossover from reaction-limited to diffu-
sion-limited growth, as L(t) increases.Capping protein dynamics
Capping protein transport
The delivery of capping protein to the ends of a growing fiber
bundle follows in an analogous fashion to the example
already given for actin monomer transport. The concentra-
tion of capping protein rc is assumed to be dependent on
displacement down the tube alone. In addition, given that
this study works throughout in the quasiequilibrium regime,
the capping protein flux Jc can be approximated as being
constant, and it is given by
Jc ¼ Dcvrc
vz
þ vrc: (6)
Equation 6 contains the contribution to the capping protein
flux due to diffusion, with an associated diffusion constant
Dc, as well as that due to advection. For the capping protein,
the boundary condition at the growing fiber tip is also
needed,
pr20  b2Dcvrcvz

z¼L
¼ vnc
vt
; (7)
where nc is the number of capped fibers in the growing bundle.
The drift part of the flux is again not included in Eq. 7, because
the fiber tip and the cytoplasmic fluid are co-moving (15).
This study also requires that at the nongrowing base end of
the membrane tube, a reservoir of capping protein be avail-
able, such that at z ¼ 0, rc(z)jz¼0 ¼ rc(0) ¼ constant.
Given Eqs. 6 and 7, one can then solve for rc, and find in
the quasistatic approximation that
rcðLÞ ¼ rcð0Þ 
vnc
vt
L
p

r20  b2ðLÞ

Dc
: (8)
Capping dynamics
To describe the capping protein dynamics (18–27), a capping
rate equation that caps uncapped fibers at a rate kcon and
depends on the concentration of capping protein rc(L) and
the number of uncapped fibers nuc is needed. An uncapping
rate kcoff is also needed, which depends on the number of cap-
ped fibers nc. In complete analogy with the Brownian ratchet
dynamics for actin polymerization given above, one is there-
fore led to the expression for capping protein dynamics,
vnc
vt
¼ kconrcðLÞexpð  f dc=nucÞ nuc  kcoff nc; (9)
where the Arrhenius term exp(fdc/nuc) means that to add
capping protein to the ends of growing fibers, work mustbe carried out against the local membrane force f a distance
dc (the typical size of a capping protein monomer). In the
quasistatic regime, one can calculate the density at the tip
rc(L) from Eq. 8, and find in the quasiequilibrium limit
that the capping rate of uncapped fibers nuc is consistently
given by
vnuc
vt
¼ kconrcð0Þ expð  f dc=nucÞ þ kcoffnuc  kcoffn0


1 þ k
c
on nuc L
pDc

r20  b2ðLÞ
 expð  f dc=nucÞ
1
;
(10)
where n0¼ nucþ nc is the total number of capped and uncap-
ped fibers, which is taken to be a fixed constant such that the
boundary condition nuc(t)jt¼0 ¼ n0 applies.
Fiber bundle radial size
Actin fibers in filopodia typically bundle together tightly to
form a parallel fiber bundle, connected often by bundling
proteins such as fascin (1). To estimate the radial size b(L)
of a bundle of uncapped fibers at the growing end, this study
looks at a cross section of nuc fibers, which are assumed, for
generality, to be a hexagonally close-packed structure. Using
such a construction, one can quantitatively estimate the
bundle radius b(L) as a function of the number of fibers
nuc as
bðLÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ 4ðnuc  1Þ
3
r
da;
which approximates to
bðLÞx2
ﬃﬃﬃﬃﬃﬃ
nuc
3
r
da; for nuc[1:
Such fiber construction geometry is only strictly valid for
certain special packing values of nuc, corresponding to
a completed hexagonally close-packed fiber arrangement.
However, for the purposes of this study, it is approximately
assumed that the fiber bundle radius b(L) varies continuously
withnuc, which remains valid in an average or mean-field sense.
For typical biological filopodia in vivo, the gap size
between the membrane radius (r0) and the fiber bundle radius
(b) is usually greater than the monomer size (d). However, in
the acrosomal reaction of Thyone (9), it is typically found
that r0 ~ b—which can have a big effect on slowing down
the early time dynamics of Thyone filopodia, as seen in
more detail below.
Membrane force on a growing bundle
Membrane tube elasticity
To describe the cylindrical membrane, this study uses the
Hamiltonian Hm for membrane elasticity (36,37) (this study
works throughout in units where kBT ¼ 1),Biophysical Journal 98(7) 1139–1148
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km
r
þ 2sr

 fL; (11)
which contains surface tension (s), and rigidity (km)
controlled terms. In deriving Eq. 11, this study has assumed
that the membrane tube radius r is axisymmetric (vfr/r 1),
and varies slowly along the length of the tube (vzr 1). This
approximation can be shown to hold consistently in the qua-
sistatic regime. This study has also included in Hm an axial
membrane force term, f, which arises from the polymerizing
fiber, and controls the axial length, L, of the membrane tube.
In what follows, any effects that could arise from leaflet
asymmetry or spontaneous curvature are neglected.
Minimizing Eq. 11 with regard to r, one obtains
r ¼ r0 ¼
ﬃﬃﬃﬃﬃ
km
2s
r
and
f ¼ f0 ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kms
p
;
such that the force is independent of length. Therefore, to
describe the possible end states of filopodium growth due
to stalling or buckling, the effects of membrane stretching
need to be taken into account.
Depletion of membrane reservoir and membrane stretching
The force f0 derived above assumes that there is enough
membrane available to buffer the surface tension, such that
s remains effectively constant over the fiber’s growth
(38,39). For long, growing filopodia, this may not always
be the case, as the supply of membrane to the base of
growing filopodia can often be highly regulated in real bio-
logical cells (1). If it so occurs that a growing filopod begins
to run out of membrane material as it becomes longer and
longer, then it will start to feel a concomitant membrane
stretching force (38,39). This membrane stretching force fS,
once membrane stretching becomes appreciable for long filo-
podia, will typically be much larger than the value of f0 deter-
mined above—and for this study’s purposes, it is calculated
as follows.
This study introduces the following additional membrane
Hamiltonian, HS (36), which energetically penalizes any
stretching of the membrane area from its nominal value
A ¼ 2pLr,
HS ¼ KS
2A0
ðA 2pLrÞ2; (12)
where KS is the membrane stretching modulus, and A0 is the
total amount of area available to a growing filopod from an
assumed membrane reservoir. For example, if a growing
filopod is thought of as being attached at its base to a spher-
ical membrane reservoir of radius R0, then A0 is simply given
by 4pR0
2.
To obtain the membrane stretching force, the correspond-
ing (normalized) partition function ZS is formed by inte-Biophysical Journal 98(7) 1139–1148grating over all values of the membrane area A, up to the
maximum allowed value of A0, weighted by the Boltzmann
factor exp(HS) as
ZS ¼
RA0
0
dA
A0
expðHSÞ
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2KSA0
r  
1 þ erf
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KSA0
2
r 
1 2pLr
A0
!! ; (13)
where in the second line of Eq. 13 it is assumed that
2pLr[
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A0=KS
p
, and erf(x) is the usual error function.
The membrane stretching force fS as a function of filopod
length L, is then simply given by minimization of the loga-
rithm of Z with regard to L, evaluated at r ¼ r0:
fS ¼  v
vL
lnZS
¼ 2r0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pKS
A0
r
exp
 KSA0ð1 2pLr0=A0Þ2=2

 
1 þ erf
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KSA0
2
r 
1 2pLr0
A0
!!1
:
(14)
The value fS derived in Eq. 14 conforms to my intuition as to
how the membrane stretching force should behave as the fi-
lopod length L increases. That is, for small filopod lengths
L A0=2pr0, when there is plenty of membrane material
available, the membrane stretching force must be negligible:
fSx 0. As the filopod grows, more and more membrane gets
used up in feeding this growth, and the membrane stretching
force begins to slowly increase. Finally, when all the free
available membrane in the reservoir gets used up, the force
due to membrane stretching fS increases markedly, and
crosses over to the large filopod length limit, when
L[A0=2pr0, of fSx4p2r20KS=A0L.
This study thus finds that the total membrane force, f, ex-
erted on a growing fiber tip can now be expressed as f¼ f0 þ
fS with the more familiar membrane elastic force, f0, as given
above. It is this total membrane force, f, which is required
when considering fiber polymerization and capping protein
dynamics. Note that one could also have added to f a term
describing a possible frictional force between the cytoskel-
eton and the membrane: f x xv (40). Given typical values
of x, however, it can easily be checked (using, e.g., (40)),
such that for this case (in the quasistatic limit) one can safely
ignore the effects of friction between any cytoskeleton and
membrane present.
Actin ﬁber bundle stalling
The dynamics of a growing actin fiber bundle, as found in
Brownian ratchets (17,32–34), is governed by the rate of
actin monomer addition, kaonra(L) exp(fda/nuc), and the
rate of actin monomer subtraction, kaoff . Note that it is typi-
cally assumed that the rate of actin addition to the ends of
growing fibers depends on the concentration of locally
Capping Protein and Filopodia 1143available monomers, ra(L), whereas the rate of monomer
subtraction does not. In the presence of a local force, f, acting
on the growing rod tip, and via elementary Kramers transi-
tion rate theory (32,33), it can be shown that the rate constant
of actin addition contains the factor exp(fda/nuc), which
represents the work required to add monomers of size da to
a growing bundle of nuc fibers against the membrane force
f. Note that it is usually assumed (32,33) that only the rate
of actin monomer addition is modified under the action of
the local force, whereas the rate of actin monomer subtrac-
tion remains unaffected (32,33). Via elementary thermody-
namical arguments (32,33), it is straightforward to see that
rod growth stalls when the (force-dependent) rate of mono-
mer addition equals the rate of monomer subtraction,
implying, from Eq. 5, the result—fstall ¼ (nuc/da)
ln(kaonra(0)/k
a
off ). This result for the stall force fstall expresses
the simple idea that rod growth stalls when the energy gain (or
loss of entropy), produced by adding actin monomers to the
growing tip, exactly balances the corresponding energy cost
of doing the required work against the membrane.
For the filopodia considered in this work, there are two
possible pathways for actin fiber bundles to stall. If there is
sufficient membrane material present, then it can be seen
from above that the membrane force f is independent of the
fiber bundle lengthL, such that f~ f0. In this case, the condition
for stalling of filopodium growth is met when the number of
uncapped fibers nuc reaches a critical minimum value. Alter-
natively, if the membrane reservoir at the base of the filopo-
dium becomes exhausted, then the membrane force f increases
rapidly such that now f ~ fS, and the membrane force is large
enough to stall fiber growth on its own.
Fiber bundle buckling
In the classical treatment, given by Euler buckling (41),
a bundle of fibers of length l, and persistence length lp, under
the action of a membrane force f, should undergo a buckling
transition when the relation f ¼ fbuckle ¼ lpp2=4l2 first
becomes satisfied. This naive argument would seem to
suggest an upper limit to the size of filopodia of ~10 mm,
with the fiber bundle inevitably collapsing once the Euler
buckling threshold force is reached (fbuckle ~10 pN). Even
accounting for the presence of tight bundling in actin filopo-
dia (due to the presence of fascin, for example) via
a quadratic increase of bundle stiffness (lp) with the number
of fibers (n) such that lp ~ n
2, it is difficult to explain the
physiological observation of filopodia over 10–20 mm in
length (15). As an extreme case, it is well known, for
example, that filopodia involved in the acrosomal reaction
of Thyone can grow to as large as ~90 mm (9).
In an interesting article (42), this difficulty in explaining
the apparent stability of long filopodia has recently been ad-
dressed. Pronk et al. (42) provide some simple arguments
against the validity of the classical view of Euler buckling
when applied to growing filopodia. Firstly, they point out
that, for narrow filopodia, the membrane itself will deformin line with that of the bending filament, such that the
compressive membrane force will tend to act along the fibers
contour, and not its end-to-end distance (42). Secondly, the
presence of an enclosing membrane will naturally tend to
stabilize a fiber bundle against buckling, by elastically sup-
pressing any lateral displacements of the fiber bundle. Taken
together, these arguments imply that within a membrane tube
the most plausible conformation of a fiber bundle is one that
approximately maintains the bundle’s contour length, while
also maintaining the membrane tube’s length and radius.
One is therefore naturally led to consider a quasihelical
configuration for a fiber bundle within an enclosing
membrane tube (42).
To investigate whether such a helical conformation is
energetically favorable, following Pronk et al. (42), the fiber
bundle Hamiltonian Hp is studied,
Hp ¼ lp
2
Z l
0
ds

v2RðsÞ
vs2
2
þ fL; (15)
where L is the length of the membrane tube, l is the contour
length of the fiber bundle, and the effective persistence length
for a tightly bound bundle of n fibers is taken to be lp¼ kpn2/2
(15), where kp is the bending modulus of a single fiber
(kp ~ 10 mm for actin (2)). A helical conformation for the fiber
bundle is given by R(s) ¼ r0(cos(us)i þ sin(us)j) þ sl/Lk,
where to satisfy inextensibility one must have
u ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 L2=l2
p
=r0. Inserting this helical Ansatz for R(s)
into the fiber-bundle Hamiltonian from Eq. 15, one obtains
(42)
Hp ¼ lp
2
L
r20

1 L
2
l2
2
þ fL: (16)
Minimizing Eq. 16 with regard to L, while assuming for
simplicity a relatively modest helical fiber bundle deforma-
tion such that L/l x 1, one obtains L ¼ lð1 r20 f =4lpÞ.
Inserting this result into the above expression for the helical
periodicity u ¼ N2p/l, where N is the total number of turns
in the helix, it follows that N ¼ l
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f =2lp
p
.
Direct observation of a helical fiber-bundle conformation
might presumably prove experimentally difficult for typical
filopodia. However, some signs of a small helical deforma-
tion can be seen in the filopodia of Thyone (9). For the
moment, it is instructive and highly informative to simply
substitute the classical Euler buckling force
fbuckle ¼ lpp2=4l2 into the expression for the total number
of helical turns N derived above. On doing this, one finds
that the total number of helical turns N required for this
filament bundle to be stable under the action of fbuckle is
given by N  1=4 ﬃﬃﬃ2p  0:2.
Thus, it can be seen that even a very modest helical defor-
mation of a fiber bundle within a membrane tube is enough to
obviate the classical Euler buckling scenario (42).Biophysical Journal 98(7) 1139–1148
TABLE 1 Model parameters held ﬁxed across all Thyone
samples studied (B, J, C, D, A, and F) to ﬁt the experimental data
from Tilney and Inoue´ (9) on ﬁlopodium growth dynamics
da 3 nm
kaon 10 mM
1 s1
kaoff 1 s
1
Da 50 mm
2 s1
Maw 42 kDa
Mcw 250 kDa
rc(0)/ra(0) 1/12
dc da  Mcw=Maw
kcon 3.6 mM
1 s1
kcoff 4  104 s1
Dc Da  Maw=Mcw
KS 0.4 Jm
2
km 10
19 J
1144 DanielsEXAMPLE APPLICATIONS OF MODEL
The model in this study, as outlined above, is now compared
to experimental data available in the literature on growing
filopodia in biological cells. Firstly, the role of capping
dynamics in the filopodia of the acrosomal process of Thyone
(9–14) is considered, then the possible effects of even
modest amounts of capping protein on more common filopo-
dia is discussed (1,4–7).
Acrosomal process of Thyone briareus
The acrosomal process of the sea cucumber Thyone briareus
is extremely rapid, producing a filopodium which can extend
90 mm in 10 s, as Thyone sperm contacts egg jelly (for further
details see (9–14)). For comparison, epithelial goldfish kera-
tocyte cells are only able to glide a few microns over similar
timescales (4). Thus Thyone represents perhaps the most
dramatic example of the possible effects of capping protein
dynamics on the assembly of actin fibers in filopodia. More-
over, it is known (9,10,12,14) that the number of fibers in the
actin core decreases down the length of the filopodium, a fact
which is commonly attributed to the presence of fiber capping.
Furthermore, unlike the filopodia of typical cells, there exists
a wealth of data in the literature (9,10,14) on the growth of
a single filopodium in the case of Thyone, which greatly facil-
itates comparison to the model in this study.
Shown in Fig. 2 are the best fits to the experimental data of
Tilney and Inoue´ (9) on growing filopodia in Thyone. This
study follows the same notation as Tilney and Inoue´ (9), in
that Fig. 2 shows the comparison between the theory pre-
sented here (solid lines) and experimental data on sperm
samples B (open circles), J (open squares), C (open dia-
monds), D (open triangles), A (crosses), and F (plus-signs)
(9). The model parameters used to fit across all Thyone
samples are displayed in Table 1, whereas the fitted model
parameters for each individual Thyone sperm sample are
shown in Table 2. From the fits one can see a remarkably
good agreement between the theory presented here, and the0 2 4 6 8
time s
10
20
30
40
50
60
70
length µm
FIGURE 2 Plotted comparison of filopodium growth dynamics between
this study’s theory (solid lines) and experimental data from Tilney and Inoue´
(9) on Thyone sperm samples B (B), J (,), C (>), D (6), A (), and
F (þ).
Biophysical Journal 98(7) 1139–1148experimental data obtained in Tilney and Inoue´ (9). The
model-fit parameters in Tables 1 and 2 are also in excellent
agreement with the previous theoretical treatment in Olbris
and Herzfeld (13). The model presented in this work is
able to capture, quantitatively, the three regimes of filopo-
dium growth. Initially, for early times, there can be seen
a lag phase in filopod growth, caused by the presence of
a large number of uncapped growing fibers, inside a relatively
tight-fitting membrane tube. Secondly, for intermediate
times, a crossover can be seen, as more and more fibers are
progressively capped, to more diffusionlike growth where
L(t) ~ t1/2, with membrane material being supplied freely
from the membrane reservoir. Finally the fiber bundle stalls,
due to the relatively few remaining uncapped fibers being
unable to oppose the now much increased membrane force,
due to the membrane undergoing large stretching, as the filo-
podium runs out of available membrane from the membrane
reservoir at the base of the filopodium.
To quantitatively fit the experimental data on filopodial
growth in Thyone, the above model requires that the presence
of capping protein has the effect of decreasing the number of
actin fibers in a fiber bundle from an initial value of ~200
actin fibers at the base of the filopodium, to ~5 actin fibers
when the filopodium stalls its growth due to membrane
stretching. Although the precise profile of how the number
of actin bundle fibers decreases down filopodia in Thyone
is not known, the previous experimental work from the liter-
ature (9,10,14) is in roughly qualitative agreement with that
presented here. For example, Tilney and Inoue´ (9) quotes theTABLE 2 Model parameters used for ﬁtting individual Thyone
samples (B, J, C, D, A, and F), to the experimental data on
ﬁlopodium growth dynamics from Tilney and Inoue´ (9)
ra(0) (mM) n0 R0 (mm) s  105 Jm2
Thyone B 5.0 230 1.31 1.8
Thyone J 5.0 220 1.03 1.9
Thyone D 5.0 200 1.07 2.1
Thyone C 3.2 300 1.30 1.4
Thyone F 3.0 210 0.90 2.0
Thyone A 4.5 105 0.90 4.0
01
2
3
4
5
length µm
Capping Protein and Filopodia 1145number of actin fibers in a Thyone filopodium as decreasing
from an initial value of ~150 actin fibers at the base of the
filopodium, to ~18 actin fibers near its end.
Interestingly, for the model to accurately describe
the growth dynamics of a filopodium in Thyone, it is
required that the capping protein be of molecular mass
Mcwx 250 kDa, and in a stoichiometric ratio to that of actin
(molecular mass Mawx 42 kDa) of 1/12. Proteins with such
a molecular weight and stoichiometric ratio are known to be
present in the acrosomal cup of Thyone (9), and therefore this
modeling work can be seen to provide at least some evidence
that these proteins are strongly implicated in actin fiber
capping in Thyone.
The additional model parameters shown in Table 1 are
relatively well known from existing experimental (9,10,14)
and theoretical (11–13,15) work in the available literature.
In particular, Table 1 shows that the molecular weight of
actin monomers (Maw), the actin monomer size (da), and the
monomeric actin diffusion constant (Da) agree exceedingly
well with their experimentally measured values (9,10,14).
Given these parameter values for actin, and the molecular
weight of the capping protein (Mcw), simple size-scaling argu-
ments can be used to estimate dc and Dc by assuming the
scaling relationships dc x da  (Mcw=Maw)n and
DcxDa  ðMcw=MawÞn, with an associated power-law expo-
nent n. To successfully fit the experimental data on Thyone,
it was found that the monomeric size of the capping protein
should scale in proportion to its molecular weight (n ~1).
Other power-law type scaling behaviors were attempted
(with ns 1), but none were able to successfully fit the exper-
imental data on Thyone. This could possibly be explained by
the capping protein monomers adopting a relatively aniso-
tropic geometry, thus being more rodlike than compact and
globularlike. This could further be consistent with the known
fact that proteins can change their shape and orientation
when they act to polymerize into long, thin fibers, due to
a process referred to as monomer activation or structural
plasticity (43). Alternatively one could just take the mono-
meric size (dc) and diffusion constant (Dc) of the capping
protein (which are not accurately or well known experimen-
tally) to be independent model parameters required to fit the
experimental data on Thyone.
Table 2 shows that to fit individual Thyone samples, the
model requires that the initial concentration of actin mono-
mers (ra(0)) vary slightly in the acrosomal cup of Thyone,
as well as the initial number of uncapped actin fibers (n0),
and the amount of membrane material (of roughly spherical
area 4pR0
2) contained in the initial membrane reservoir.
However, all of these fitted model parameters lay within the
range of those found experimentally for Thyone (9,10,14).
0 20 40 60 80 100 120 140
time s
FIGURE 3 Comparison plot for typical filopodia showing effects of pres-
ence of capping protein on filopodium growth dynamics. (Top to bottom)
rc(0) ¼ 0.02, 0.2, and 2.0 mM, respectively.More-typical ﬁlopodia
More-typical filopodia, such as are found in neuronal growth
cones, keratocytes, and fibroblast cells (8,16), grow ata much reduced rate compared to those found in Thyone
(9), and so it could be thought that the effect of capping
protein on filopodial growth is much reduced in these cases.
Indeed, it is known (1,4–7) that in more-typical physiolog-
ical cells (such as fibroblasts), for filopodia to be produced
(over and above lamellipodia, for example), the effects of
fiber capping need to be suppressed close to the leading
edge of a cell. In such cells, it is also known (28,29) that
proteins such as VASP, protect actin barbed-ends from
capping. Furthermore, the available actin monomer concen-
tration (ra(0)), and the number of actin fibers in a bundle (n0),
tend to be much less than those values that appear in Thyone.
Nevertheless, the modeling work shown in Fig. 3, demon-
strates that even the presence of a relatively modest amount
of capping protein can have a substantial effect on the growth
of filopodia in more familiar biological cells. Thus the
possible effects of capping protein on the dynamics of filopo-
dia in fibroblasts and keratocytes cannot be simply ignored.
Fig. 3 shows a plot comparing the growth of a filopod for
three different values of the capping protein concentration
rc (from top to bottom, rc(0) ¼ 0.02, 0.2, 2.0 mM, respec-
tively). Fig. 3 shows that as the capping protein concentra-
tion increases, firstly the rate of filopodium growth
decreases, and secondly the ultimate length of the filopodium
decreases concomitantly. The model parameters for actin
polymerization and capping shown in Table 3, which are
held fixed for the comparison plots shown in Fig. 3, are taken
mostly from Mogilner and Rubinstein ((15) and references
therein). The capping protein molecular weight (Mcw) in
Table 3 is taken from Wear and Cooper (18) and Cooper
and Sept (19), and the capping rates are taken from Schafer
et al. (20), Carlier and Pantaloni (21), Cooper and Schafer
(22), Cooper and Pollard (23), Wear et al. (24), Mejillano
et al. (25), Mullins et al. (26), and DiNubile and Huang
(27). Note that for modeling the more modest growth of
typical filopodia (as compared to Thyone), it has been
reasonably assumed that membrane stretch effects are negli-
gible in this case, such that fS as defined above can be safely
ignored.Biophysical Journal 98(7) 1139–1148
TABLE 3 Model parameters held ﬁxed, and used, for
comparing the effects of capping protein concentration on
typical ﬁlopodium growth dynamics, as shown in Fig. 3
da 3 nm
kaon 10 mM
1 s1
kaoff 1 s
1
Da 5 mm
2 s1
Maw 42 kDa
Mcw 64 kDa
ra(0) 10 mM
dc da  Mcw=Maw
kcon 3.6 mM
1 s1
kcoff 4  104 s1
Dc Da  Maw=Mcw
n0 30
f0 10 pN
r0 70 nm
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This section will discuss some issues raised by, and some
caveats pertaining to, the modeling work outlined above
describing the effects of capping protein dynamics on the
growth and stability of experimentally observed filopodia.
The enclosing membrane tube radius is essentially set by
the membrane tension s. If the tension is relatively low then
the membrane radius is given by the canonical value r0.
However, if the tension becomes high enough, then the
membrane radius is now effectively given by the radius of
the biofiber bundle b. For example, this high tension regime
may be fixed by the nucleation phenomenon of the filopodia.
In addition, the membrane-stretching term introduced here is
completely compatible with that of Raucher and Sheetz (38)
and Sheetz and Dai (39), as pertains to their demonstration of
the manner in which the cell regulates its membrane tension.
As the membrane runs out of membrane material, the surface
tension increases, and membrane stretching effects can begin
to become important. Moreover, as the limit r0 ~ b when
steric effects dominate monomer transport for tightly fitting
membrane tubes is approached, then the theory presented
here will necessarily break down. In this case a fuller and
more rigorous account of such steric effects would necessi-
tate taking into account the hydrodynamic interaction among
monomers, the fiber bundle, the inner-membrane tube
surface, and the cytoplasmic fluid, to find the effective
monomeric diffusion constant. This study leaves this fasci-
nating and important topic to future work.
The only effect of crosslinking between fibers considered
here is that which stiffens the bundle of biofibers via a corre-
sponding increase in the persistence length, leading to
greater stability of the filopodium to buckling. In this study,
it is assumed that the crosslinking protein does not couple the
polymerization of neighboring actin filaments. Investigating
this intriguing possibility will be left to future work.
For the filopodia of the sea cucumber Thyone, the number
of filaments in a fiber bundle is known to decrease (9) as the
growing tip is approached. It would be extremely inter-Biophysical Journal 98(7) 1139–1148esting—though presumably very difficult—to directly
image, experimentally, the decrease in the number of fila-
ments closer to the filopodium’s growing tip, such as would
be demonstrated by the more-typical filopodia found in fibro-
blasts, keratocytes, and neuronal growth cones.
To accurately describe the acrosomal process in Thyone, it
has been proposed in the literature (11,13) that osmotic pres-
sure effects should also be included. The work presented
here, which does not include such osmotic pressure effects,
can be seen to capture the experimental data on Thyone filo-
podia rather well. Nevertheless, once the precise form of the
decrease of the number of actin fibers in a Thyone filopodium
becomes experimentally known, it may well prove necessary
to include such osmotic pressure effects (11,13) in future
modeling work, to produce a more realistic fiber bundling
profile down the length of a Thyone filopodium.
In interesting recent articles (44,45) the role of possible
stochastic effects on the dynamics of filopodial growth has
been considered. In Lan and Papoian (44), the influence of
noise on the diffusion and polymerization of actin is studied.
One of the main results of Lan and Papoian (44) is that mean-
field type behavior can be considered to be a good approxi-
mation to the more complex underlying stochastic behavior
of polymerizing biofibers (with a few important caveats)—
as long as a select few of the parameters in the model become
renormalized (44)). Additionally, it is found in Lan and Pa-
poian (44) that the length distribution of fibers in filopodia is
rather narrow, again supporting a posteriori the use of mean-
field type models. In Zhuravlev and Papoian (45), it is further
suggested that filopodial turnover dynamics may be partially
driven by stochastic effects of capping protein, thus leading
to a finite lifetime for filopodia. It is also found in Zhuravlev
and Papoian (45) that complete retraction of a filopodium is
a relatively rare event, which becomes important on time-
scales much larger than those considered in this article.
Moreover, the work presented here is more mean-field-like
in approach, and follows in the long tradition of other,
similar, mean-field treatments of polymerizing biofibers,
such as Brownian ratchets (32) and microtubule dynamics
(33–35), for which a vast body of work exists (2,3). Whereas
in the case of microtubules, stochastic behavior is known to
underlie its growth dynamics (leading, for instance, to
dynamic instability (2,3)), mean-field theories are widely
used in the literature (33–35) and have proved to be very
successful in capturing the behavior of experimental data.
Furthermore, as shown by us, the model used is able to accu-
rately fit the experimental data on the filopodial dynamics of
Thyone, thus validating, a posteriori, a mean-field-type
approach. Stochastic effects could well be important for
growing filopodia, however, and any further extension of
the mean-field-type model presented here (over and above
the possible renormalization of a few select parameters) is
left to future work.
Bundling of actin filaments has been considered previ-
ously, for example in the context of stereocilia and microvilli
Capping Protein and Filopodia 1147(46–48). However, it is somewhat problematic to make
a precise comparison between the results of this work on
filopodia to the literature (46–48), as it is not obvious that
filopodia and stereocilia, for instance, are governed by
precisely the same underlying processes. Prost et al. (46)
finds an exponential dependence on the number of fibers in
a bundle down the length of a stereocilium, somewhat
similar to the work outlined here, in an appropriate parameter
range. Also, Atilgan et al. (47) uses a master-equation-type
of approach to describe actin fiber bundling, which should
prove to be similar to the mean-field-type approach pre-
sented here. Additionally, Gov (48) finds a Gaussian depen-
dence of the number of fibers in a bundle with many
interacting stereocilia, whereas this work deals with a single
filopodium.
There is no explicit treadmilling considered in this article,
as it is assumed that the filopodium polymerizes from one
end only. However, the results of this work are valid in the
presence of retrograde flow, where the relative rate of filopo-
dial length change, monomer diffusion, and drift processes
are unaffected, as pointed out and explained further in
Mogilner and Rubinstein (15).
Arising from the work presented in this article, the
following effects of protein capping on filopodial growth
dynamics can be summarized. Firstly, it can be seen that
via the utilization of capping protein, biological cells can
have the means of perhaps somewhat paradoxically acceler-
ating filopodium growth. The presence of fewer fibers in
a given membrane tube implies an increased effective actin
monomer flux to the growing fiber bundle tip. Counterbal-
ancing this growth-promoting effect, however, is the need
to have sufficient fibers in a bundle to successfully oppose
the membrane force present, and avoid fiber bundle stalling
and/or buckling. As seen above, even a modest amount of
helical deformation in a polymerizing fiber bundle can
ameliorate issues relating to fiber bundle buckling. However,
with too few fibers, a fiber bundle is still liable to fiber
stalling.
One is therefore naturally led (via inspection of Eq. 5, for
example) to discuss issues such as the best strategy, via the
tuning of capping protein levels, that a biological cell can
adopt to grow a filopodium of a required length, in a requisite
time. Of course, various different capping proteins and phys-
iological capping mechanisms are at work in different organ-
isms (as evidenced by this work’s comparison of the growth
of protrusions in Thyone and in more typical filopodia),
therefore, it is evident that a given capping strategy utilized
in the filopodia of one organism may not be so effective in
another. Nevertheless, one general conclusion regarding
capping that arises quite naturally out of this work seems
to be that maintaining growing filopodia in biological cells
may represent an optimal trade-off between increased
capping (increased speed of growth, lower stalling, and
buckling threshold) and reduced capping (lower speed of
growth, higher stalling, and buckling threshold). It wouldbe extremely interesting in future work to investigate further,
whether the underlying capping mechanisms in biological
cells are so arranged that the best possible strategy for
producing precisely the required filopodia for the given
physiological conditions occurs. In conclusion, this study
has found that the presence of even a modest amount of
capping protein can have a dramatic effect on the growth
of typical filopodia. Furthermore, this modeling work can
be seen to provide at least some evidence that capping
proteins are strongly implicated in the filopodium growth
dynamics of Thyone briareus. As a result, any future dynam-
ical theories for filopodial actin growth in membrane tubes
are likely to rely on an accurate treatment of the kinds of
capping protein effects analyzed here.I thank the anonymous referees for their helpful comments and suggestions.REFERENCES
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